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Abstract. Let Hq^ (resp., Ho,iv) be the Schrodinger operator in constant magnetic field on 
the half-plane with Dirichlet (resp., Neumann) boundary conditions, and let Hg := H$n — V, 
t = D,N, where the scalar potential V is non negative, bounded, does not vanish iden- 
tically, and decays at infinity. We compare the distribution of the eigenvalues of Hp and 
Hn below the respective infima of the essential spectra. To this end, we construct effective 
Hamiltonians which govern the asymptotic behaviour of the discrete spectrum of Hi near 
inf a ess (Hi) = inf a(Ho t e), I = D,N. Applying these Hamiltonians, we show that <7disc is 
infinite even if V has a compact support, while Odisc^Tv) could be finite or infinite depending 
on the decay rate of V. 
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1 Introduction 

Let O := R + x E with R + : = (0,oo), b > 0, and H 0D (resp., H 0%N ) be the Friedrichs 
extension in L 2 {0) of the operator 

d 2 ( d V 

-i-^r-bx) , (l.l) 



dx 2 \ dy 

defined originally on C£°(0) (resp., on Cq°(0)). Thus, H D (resp., H Q N ) is the Dirich- 
let (resp., Neumann) realization of fll.l[) which is the half-plane Schrodinger operator 
with (scalar) constant magnetic field b. Hamiltonians of this type arise in various ar- 
eas of mathematical and theoretical physics: for instance, H e> and its perturbations 
are important models in the theory of the quantum Hall effect (see e.g. [8j), while the 
spectral properties of H ^ play a central role in the contemporary theory of supercon- 
ductivity (see [9]). It is well known that the spectrum a(H 0t () of H 0t e, £ = D,N, is 
purely absolutely continuous, and 

a(H 0/ ) = [S t , oo) 
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with £d = b (see e.g [8]) and £n G (0,6) (see e.g [7]). Further, assume that < V G 
Lg°(C) := {w g L°°(0) I lini| xKoo M(x) = 0}. Set 

H D := if ,D — V, H N := ifo,JV — V. 

By the diamagnetic inequality (see e.g. [TU Proposition A.2]), the operators VH^j are 
compact, and therefore 

a ess (H e ) = a ess (H ,i) = a(H 0t e) = [£ e , oo), £ = D,N. 

However, the interval (—oo,Se) may contain discrete eigenvalues of the operator Hg 
whose number could be finite or infinite; in the latter case they could accumulate only 
at Eg. The main goal of the present article is to compare qualitatively the behaviour of 
the discrete spectra of H D and H N . For A > set 

N t {\) := Tr l^g^Ht), £ = D,N; 

here and in the sequel lj denotes the characteristic function of the set X. Thus J\fi(\) is 
just the number of the eigenvalues of the operator Hg lying on the interval (— oo, Eg — A), 
and counted with the multiplicities. 

In Section |2] we introduce the effective Hamiltonians which govern the asymptotics of 
Nt{X), I = D, N, as A 4- 0. The effective Hamiltonians in the Dirichlet and the Neumann 
case are quite different due to the different nature of the infima Sd and £m of the spectra 
of i?o,D and Hq^. Actually, since both operators H 0t D and i?o,7v are analytically fibred 
over R, their spectra have a band structure, and the infima of the spectra coincide with 
the infima of the first (lowest) band functions. In the case of H p the infimum of the 
first band function is its limit at infinity, while in the case of Hq n the corresponding 
infimum is attained at a (unique) G R. 

We believe that the effective Hamiltonians introduced in the present article could be 
useful also in the spectral analysis of the perturbations of many other analytically fibred 
operators whose spectral infimum resembles inf a(H E>) or inf a(H ^). 
Applying our effective Hamiltonians, we obtain several results concerning the asymptotic 
behaviour of the discrete spectra of Hp and H^. In particular, we show that the Dirichlet 
Hamiltonian Hp has infinitely many discrete eigenvalues even in the case of compactly 
supported V, while the Neumann operator may have infinitely or finitely many 
discrete eigenvalues depending on the decay rate of the effective potential v occurring 
in the corresponding Neumann effective Hamiltonian (see below (12. 8 j) and (I2.10p ); for 
example, 0"disc(-^7v) is finite if limsup^i^^y 2 sup^™ V(x,y) is small enough. 
The article is organized as follows. In Section [2] we formulate our main results and briefly 
comment on them. Section |3] contains the proofs of the results concerning the Dirichlet 
Hamiltonian Hp, while the proofs of the ones concerning the Neumann Hamiltonian 
H N could be found in Section HI 
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2 Statement of the main results 

2.1 Analytic fibering of Hq i 

Let T be the partial Fourier transform with respect to y, i.e. 

{Fu)(x, k) = (2tt)- 1/2 I e- iyk u(x, y) dy, {x, k) e O. 

Jr 

Then we have 

/■© 

TH^F = / ht(k)dk, £ — D,N, 
Jr 

where hr>(k) (resp., h^ik)) is the Friedrichs extension in L 2 (R + ) of the operator 

--f- + (bx- k) 2 , fcel, (2.1) 
dx z 

defined originally on C^°(R + ) (resp., on C^°(R + )). Thus h D (resp., h N ) is the Dirichlet 
(resp., Neumann) realization of ( 12. ip . Note that the operators tig, £ = D,N, are Kato 
analytic families (see [I2])- Moreover, for each k G R the operators h^{k) have discrete 
and simple spectra. Let E e (k), k G R, be the first (lowest) eigenvalue of hi, £ — D,N. 
By the Kato analytic perturbation theory, Ei(k) are real analytic functions of k G R. 
Evidently, 

& = inf EAk). 

Let us recall some of the properties of the functions Ee which we will need in the sequel. 
In both cases £ = D,N, we have 

lim Ei(k) = b 

k—too 

(see e.g. [8] for £ = D, and e.g. [7] for £ = N). Moreover, the mini-max principle easily 
implies that 

E e (k) = k 2 (l + o(l)), A;^-oo. 

However, E' D (k) < for any k G R (see [8]) while there exists k* G (0, oo) such that 
E' N {k) < for k G (-oo,k*), E' N {k) > for k G (A;*,oo), E'^(k*) > 0, and E N (K) G 
(0,6) (see [7j). Thus 

£d = b = lim E D (k), £ N = E N (k*). 

k— >oo 

Finally, introduce the real valued eigenfunctions ipe(-;k) satisfying 

h e {k)M-,k) = E e {k)M-,k), \\M-,k)\\mR + ) = 1, HK, £ = D,N, 
such that the mappings R 9 A; i— >■ t/>£(-; A;) G Dom (/i^) are analytic. 
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2.2 Main results for Dirichlet Hamiltonians 

Set 

v ( x ) ■= n- l l% l / 4 e- bx2/ \ xER, (2.2) 

?pD,oc(x;k) =ip(x- k/b), xER, fcel. (2.3) 

Then we have 

1- fa ~ k) 2 tp Dt00 (x; k) = bip Dt00 (x; k), \\^ Dj00 (-; fc)||jy»(R) = 1. (2.4) 

For (x,£) E T*R define the function 

^x,$(k) := r 1/2 e-^ Di00 (x; k), kER. 

As explained in (6j Section 3], the system {^ x ,^}^ x £) & t*r * s overcomplete with respect to 
the measure -^dxd^ (see [21 Subsection 5.2.3] for the general definition of an overcom- 
plete system with respect to a given measure). Introduce the orthogonal projection 

V xA := |^)(^|, (i,()erR, 

acting in L 2 (R), and the anti- Wick- type operator V : L 2 (R) — » L 2 (IR) defined as the 
weak integral 

V: = A / 

2vr Jo 

Since V G the operator V is compact. Then the effective Hamiltonian which 

governs the asymptotics of jVd(A) as A J, is Ed — V : L 2 (R) — > L 2 (R) where Ed should 
be interpreted here as the multiplier by the function Ed- More precisely, we have the 
following 

Theorem 2.1. Assume < V E L^{0). Then for each e E (0, 1) we have 

TM ( _oa,£z>-A)(^ " (1 ~e)V) + O e (l) < 
A^(A) < 

Trl hoo ^ X) (E D -(l + e)V) + £ (l), A | 0. (2.5) 
The proof of Theorem 12.11 is contained in Subsection ??. 

Remarks: (i) Due to the compactness of the operator V we have a ess (ED + sV) = 
o- ess (ED) = [£d, oo) for any s E K. so that Tr 1^_ oo£d _x)(Ed + sV) < oo for any s E R 
and A > 0. 

(ii) The operator Ed + V is quite similar to the effective Hamiltonians which arose in 
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[6] where we studied the asymptotic distribution of the discrete spectrum in the gaps of 
the essential spectrum of the operator H^ 8,11 ± V self-adjoint in L 2 (R 2 ) with 

and a bounded monotone W. There are many other similarities of the spectral properties 
of the perturbations of H^ al1 and H x>, but also there exist several essential differences 
due mainly to the presence of a boundary in the case of H 0t z>. 

In Corollary 12.21 below we will show that even for a non vanishing identically V that 
has a compact support, jVd(A) blows up as A J, 0, i.e. the operator Hp has infinitely 
many eigenvalues. In order to formulate this corollary, we need the following notations. 
Let C I 2 be a bounded domain. Denote by c_ (Q) the maximal length of the vertical 
segments contained in Q. Further, let -Br(C) C C be a disk of radius R > centered at 
C G C. Identifying C with M 2 , set 

K(Q) := {((,fl)eIxK + there exists i)6l such that Q C B R (£ +irj)}, 

and 

c+(Q) = inf R^\Hz 
(£,fl)eK(n) \eR 

where £+ := max{£, 0}, 

x(s) := \{t > | tint < s}\ , s G [0, oo), 
and | • | denotes the Lebesgue measure. 
Corollary 2.2. Assume that V satisfies 

c-l a _(x,y) <V(x,y) <c+l n+ (x,y), (x,y) G O, (2.6) 

where Q± C O are bounded domains, and < c_ < c + < oo are some constants. Then 
we have 

C_|lnA| 1/2 (l + o(l)) < M D {\) <C+|lnA| 1/2 (l + o(l)), A | 0, (2.7) 

with C- := (27r)~ 1 Vbc_(tt_) and C + := e-\/&c + (f2 + ). In particular, 

r lnAT D (\) 1 
hm - — , , \ , = -, 
A4.0 In | In A | 2 

and, hence, Hp has infinitely many discrete eigenvalues. 

Remark The constants C± already appeared in [6] Theorem 6.1]. As it is indicated 
there, we have C_ < C + (in fact, > en). 



2.3 Statement of the main results for Neumann Hamiltonians 

Assume < V G L^{0). Introduce the effective potential 

/>oo 

v{y):= V(x,y)ij N (x;K) 2 dx, y G R, (2.8) 
Jo 

where i/jn(-; k), k G R, is the eigenfunction of the operator h^{k) introduced at the end 
of Subsection 12. 11 Set 

/, := \e'^K). (2.9) 

Recall that > 0. Then the effective Hamiltonian which governs the asymptotics of 
A/jv(A) as A 4- is the self-adjoint operator 

(2.10) 

defined originally on C^°(M) and then closed in L 2 (R). More precisely, we have the 
following 

Theorem 2.3. Assume < V G Lq°(C?). T/ien /or each e G (0, 1) we have 

Tr l(-oo,-A) ("^ " ( X " + ^ 
M N {\) < 

TH(-oo,-a) f-^-(l + e)iA +O e (l), A|0. (2.11) 
The proof of Theorem 12.31 can be found in Section |H 

Remarks: (i) Since t> G Lq°(R), the multiplier by v is an operator relatively compact 
with respect to — yujp- in £ 2 (R), and we have <t CS s (^—^^2 + svj = [0, 00) for any seR, 

so that Tr 1(_ 00 _ A ) (^—^-^2 + svj < 00 for any s£l and A > 0. 

(ii) Effective Hamiltonians quite similar to (I2.10p arose in [5] where, in particular, the 
asymptotic distribution of the discrete spectrum of the operator i^Q trip — V was studied; 
here the expression for i?Q tnp coincides with (11. ip but the operator is considered on the 
strip (-L, L) x R, with Dirichlet boundary conditions. 

In Corollary 12.41 below we will establish sufficient conditions for the infiniteness and 
the finiteness of cr disc (H N ). 
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Corollary 2.4. Let < V G Lf{0). 

(i) Assume that there exists a G (0,2) and constants co± > such that 

lim \y\ a v{y) = u ± . (2.12) 

y— i>±oo 

T/ien we have 

limA^l/Viv(A) = g-iM^ii (V^ + c^) , (2.13) 
S fremg i/ie Euler beta function. 

(ii) Assume now that (I2.12p holds with a = 2. Then we have 

,\ 1/2 / -i \ 1/2 N 

W_ 1 \ / W i 1 x 



■SSl-AI-'WA)^ Uf-t | (2,4) 



(mj Finally, assume that 



Then we have 



limsup y 2 v(y) < —. (2-15) 

\y\— >oo ^ 



Af N (X)=0(l), A 4,0. (2.16) 



Remarks: (i) If at least one of the constants w± in (I2.12p with a G (0, 2) is positive, 
then (12.131) implies that the operator Hn has infinitely many discrete eigenvalues. Sim- 
ilarly, if at least one of the constants u± in ( 12 . 1 2 j) with a = 2 is greater than /z/4, then 
( I2.14p again implies that o~disc(H N ) is infinite. Finally, ( 12 . 16[) shows that under assump- 
tion ( I2.15p . the operator has at most finitely many discrete eigenvalues. Note that 
the estimate 

lim sup y 2 sup V(x,y) < — 

|j/|-»oo xeM + 4 

evidently implies (I2.15p . 

(ii) Relation ( 12.1 3p can be written in a semiclassical form, namely 

-^v( A ) = ^ I {(V,V) e T*R I ^ 2 - v(y) < -A} | (1 + o(l)), A | 0. 

Corollary 12.41 follows immediately from Theorem 12.31 and some well known results on 
the asymptotics of the discrete spectrum of ID Schrodinger operators with decaying 
potentials which allow us to investigate the behaviour of Trl(_ 00 _ A ) (^—fi-^ — sv 



s > 0, as A j. 0. In particular, the first part of the corollary is quite close to pG 
Theorem XIII. 82], the proof of its second part can be easily deduced from [13] . while 
the third part follows from the Hardy inequality 

u\y)\ 2 dy >-J y- 2 \u(y)\ 2 dy, u G C °°(R + ), 

and the result of [HI Problem 22, Chapter XIII]. 



7 



3 Proofs of the main results for Dirichlet 
Hamiltonians 



3.1 Proof of Theorem 2.1 

Since the proof of Theorem 12.11 is somewhat lengthy, we will divide the exposition into 
several parts. 

(i) Auxiliary results. Let s > and T = T* be a linear compact operator acting in a 
given Hilbert space^. Set 

n ± (s;T) :=Trl (S)00) (±T); 

thus the functions n±(-;T) are respectively the counting functions of the positive and 
negative eigenvalues of the operator T. If T is compact but not necessarily self-adjoint 
(in particular, T could act between two different Hilbert spaces), we will use also the 
notation 

n*(s;T) := n + (s 2 ;T*T), s > 0; 
thus n*(-; T) is the counting function of the singular values of T. Evidently, 

n*(s; T) = n*(s; T*), n + (s;T*T) = n + (s;TT*), s > 0, 

and 

n±{s;T) <n*{s;T), s > 0, T = T*. 
Let us recall also the well-known Weyl inequalities 

n + 0i + s 2 ; Ti + T 2 ) < n + (si; T{) + n + (s 2 ; T 2 ) (3.1) 

where Sj > and Tj, j = 1,2, are linear self-adjoint compact operators (see e.g. [H 
Theorem 9.2.9], as well as the Ky Fan inequalities 

M s i + S2]Tx +T 2 ) < ra*(si;Ti) + n*(s 2 ; T 2 ), si,s 2 >0, (3.2) 

for compact but not necessarily self-adjoint Tj, j = 1, 2, (see e.g. [H Subsection 11.1.3]). 
Further, let 5* p , pG [1, oo), be the Schatten - von Neumann class of compact operators, 
equipped with the norm 

/POO \ 1/p 

\\T\\ p :=(-j s p dn*(s;T)\ . 

Then the Chebyshev-type estimate 

n*(s;T) <s- p \\T\\% (3.3) 
1 A11 Hilbert spaces in this article are supposed to be separable. 
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holds true for any s > and p G [l,oo). Finally, we recall an abstract version of the 
Birman-Schwinger principle, suitable for our purposes. Let T = T* be lower bounded, 
and T := inf cr(T). Let Q > be a self-adjoint operator, relatively compact in the sense 
of the quadratic forms with respect to T. Then we have 

Trl ( _ 00iT _ A) (r - sQ) = 

n+is- 1 ; (T-T+ \)- l/2 Q(T - T + A)- 1/2 ) = n*( S ~ 1/2 ; Q 1/2 (T -T+ A)~ 1/2 ) 
for any s > and A > (see [31 Lemma 1.1]). 

(ii) An alternative formulation of Theorem \2.1\ Instead of Theorem 12.11 we will prove 
Theorem 13.11 below which is slightly more general, and more convenient both to prove 
and apply. In order to formulate it, we need the following notations. For (x, y) G M 2 set 



V*{x,y) 



V(x, y) if x > 0, 
if x < 0. 



For A > and A G [— oo, oo) define S D (X; A) : L 2 (A, oo) — > L 2 (R 2 ) as the operator with 
integral kernel 

(2tt)- 1 / 2 K(x, y) 1/2 e ifc ^D,oo(x; k)(E D (k) -£ D + A)" 1 / 2 , k G (A, oo), (x, y) G R 2 , 
the function ipD,oc being defined in ( 12. 3ft . 

Theorem 3.1. Let < V G Lff(0). Then for any A G [-00,00) and £ G (0,1), we 
/iai>e 

n*(l + e; ^(A; A)) + O m (1) < A^(A) < n,(l - e; ^(A; A)) + O m (1), A | 0. (3.4) 

Applying the Birman-Schwinger principle, we easily find that 

n*(s; S D (\; -00)) = Trl ( _ 00 ^ D _ A) ( J B D - s _2 V), s > 0, 

so that (13. 4p with A = —00 is equivalent to (12. 5p . The proof of Theorem 13. H is contained 
in the remaining several parts of this subsection. 

(iii) Spectral localization to a neighbourhood of £d- For k G R define the orthogonal 
projection ir D (k) : L 2 (R + ) -> L 2 (M + ) by 

:= IVdCs^XWsA;)!, (3-5) 

the function ip D (-;k) being defined at the end of Subsection 12. II Using the decomposition 
L 2 (M) = L 2 (— 00, 0) © L 2 (0, 00), introduce the orthogonal projection O © 7Td(/c) where 
O is the zero operator in L 2 {— 00, 0). For A > and A G [—00, 00) define the operator 



R D (\A):=F (E D (k)-8 D + \)- l/2 {Q®Ti D {k))dk7, (3.6) 

J(A,oo) 

self-adjoint in L 2 (R 2 ). 
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Proposition 3.2. Assume that < V G Lg°(C?). T/ien for any A G [—00,00) and 
e G (0, 1) we have 

Ml; K 1/2 #d(A; A)) < A/d(A) < n*(l - e; K 1/2 ^d(A; A)) + O m (1), A | 0. (3.7) 
Proof. By the Birman - Schwinger principle, 

A/o(A) = n+(l; V 1/2 (H , D -E D + A)~ V 1/2 ), A > 0. (3.8) 
Fix A G [—00, 00) and define the orthogonal projection Pd(A) : L 2 ((9) — > L 2 {0) by 



P D (A) :=T* \ K D {k)dkT. 



'(A,oo) 

Then the mini-max principle and the Weyl inequalities imply that the estimates 

y 1/2 (F ,D - £d + A)- 1 P D (^)^ 1/2 ) < n + (l; - ^ + A)^ 1 / 2 ) < 

n + (l-e;y 1 / 2 (Fo,D-^+A)- 1 P D (A)W/ 2 )+n + (£;y 1 / 2 (F ,D-^+A)- 1 (/-P D (A))\/ 1 / 2 ) 

(3.9) 

hold true for any A > and e G (0, 1). It is well known that the infimum of the second 
band function of H D is equal to 36 > £d (see e.g. [8]). Hence, for any A G [—00, 00) 
we have 

infer (#o,D| {/ _p D(A))Dom(Hoi3) ) > £d 

and the compact operator V 1 ^ 2 (H 0D — £ D + A) _1 (J — Pd(A))V 1 ^ 2 admits a norm limit 
as A i- 0. Therefore, 

n + (e; V^ 2 (H , D -£ D + - P D (A))V 1 / 2 ) = O e>A {l), A | 0, (3.10) 

for any e > 0. Further, for A G [—00, 00), A > 0, introduce the operator 

K D {\, A) := F> / (E D {k) -£ D + \)-^ 2 n D (k) dkT, 

J(A,oo) 

self-adjoint in L 2 (0). Then we have 

n + (s 2 ; V 1/2 (H , D - £ D + A) _1 P d (v4)V a1/2 ) = n*(s; ft D (A; A)\/ 1/2 ), s > 0. (3.11) 

Finally, it is easy to see that the operators 1Zd(\; A)V x I 2 and Rd(X; A)V^ 2 have the 
same non zero singular values. Therefore, 

n*(s; n D {\, A)V 1/2 ) = n*{s; R D {\; A)V} /2 ) = n*(s; V, 1/2 R D {\; A)), s > 0. (3.12) 

Putting together (GLED - ( l3~T2l) . we obtain (EZD- □ 
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(iv) Asymptotic estimate of O © tt_d(A;) as k — > oo. For k G K. define the orthogonal 
projection n D>00 (k) : L 2 (R) -> L 2 (R) by 

7TD,oo(fc) := \ipD,oo(-; k))(ip D)00 {-\ k)\, (3.13) 
the function ipD, oo(-] k) being defined in (I2.3p . 
Theorem 3.3. We have 

lim (E D (k) -£ D Y l/2 \\n D>00 (k) - (0®Mk))\\ =0- (3.14) 

Theorem 13.31 could be regarded as the central ingredient in the proof of Theorem 13 . 11 
We will split its proof into three propositions. 

For w G L 2 (R) and fcef set 

(Tkw)(x) := w(x — k/b), x£l. 

Evidently, is a unitary operator in L 2 (R), and its restriction onto L 2 (— k/b, oo) de- 
noted by the same symbol, is a unitary operator between L 2 (— k/b, oo) and L 2 (R + ). 
Set 

h D (k) := rlh D {k)r k , keR. 

Thus, hoik) is the Dirichlet realization of the operator — + 6 2 x 2 , self-adjoint in 
L 2 (-k/b,oo). Put 

7r D (A;) := T^n D (k)T k , keR, 
the orthogonal projection 7Td(/c) being defined in (13.51) . Evidently, 

7fu(A:) = fe(-;*:))fe(-;fc)l 

with ^('j fe) := (jk^o)^', k). Further, for k G R introduce the self-adjoint operators 

d 2 ~ d 2 

hoo(k) := + (^ - ^) 2 , ^oo := ^^(/c)^. = -— + 6V, 

defined originally on Cq°(R) and then closed in L 2 (R). As before, put 
the orthogonal projection iTD,oc(k) being defined in A3. 13[) . Then, 

TTD.oo = |^D,oo)(^D,oo| (3.15) 

with ipD,oo '■= i T k' l pD,oo){.-]k) = ip, the function ip being defined in f 12 . 2 j) . Therefore, 
( 13.14)) is equivalent to 

lim (Eo(k) — ^d) _1 ^ 2 | |ttd,oo — (O © 7Td(A;)) 1 1 = 0, (3.16) 

fc— >oo 

11 



where O is the zero operator in L 2 (— oo, —k/b). 

Define the operator h_(k) as the Dirichlet realization of the operator — -Jp + b 2 x 2 , 
self-adjoint in L 2 (—00, —k/b). Set 

A^^h^-Ch-ik)- 1 ®^)- 1 ), keR. (3.17) 

This is a rank-one operator which acts in L 2 (M). Let us give an explicit representation 
of it. Let be the standard parabolic-cylinder function [TJ Section 19] which satisfies 
the equation 

d 2 u/dx 2 + (co + 1/2 - x 2 /4)u = 0. 



Then the functions 



e(x) := D_i(V2bx), xeR, (3.18) 
:= — ^D_i(-V26a;), 16I, (3.19) 



satisfy the equation 

and the limiting relations 



+ b 2 x 2 u = 0, 



dx 2 



lim 6(x) = 0, lim = 0. 



X— > — 00 



Due to the choice of the normalization constants in (13.181) - f)3.19p . the Wronskian of 
the functions and \l/ is equal to 1. Put 

ttfc := eFW (3 - 20) 

Then we have 

A fc = (■;Pk}Pk, (3-21) 

with 

a~ 1/2 ^(a;) if x < -k/b, 
a>l/ 2 Q(x) if x > —k/b. 

For further references we include here the following asymptotic formulas 



6(x) = e~ 6:c2/2 (v / 26x)- 1/2 (l + o(l)), = -^e bx2/2 (V2bxy 1/2 (l + o(l)), x -> 00, 

v 26 

(3.23) 

(see [U Subsection 19.8]). 
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Proposition 3.4. We have 

||A fc || = V 2 (l + o(l)), k^oo. (3.24) 

In particular, 

lim ||A fc || = 0. (3.25) 

fc— >oo 

Proof. Due to (13~2TD . ||A fe || = ||pfc||| 2(M) . Thus 

1 r-k/b 



oo 

1^11 = —/ ^(x) 2 dx + a k I 0(x) 2 dx. (3.26) 

a fc J-oo J-fe/6 

By ([2231), 

a fc = ^Ue" fc2/b (l + o(l)), fc^oo. (3.27) 
2x726 



Therefore we need to estimate the integrals appearing in (13.261) . First, 

-fc/6 i ^oo i poo 

mixfdx = — / Q(x) 2 dx = — / 
Integrating by parts, we easily see that 



/—fc/6 i /"oo i />oo 

m(x) 2 dx = — Q(x) 2 dx = — e- bx \VZbx)- 1 dx(l + o(l)), k -> cx). 



2 



e'^iVobx^dx = (2b)-^ 2 e- k2 l\k/b)- 2 (l + o(l)), fe oo, 

fc/6 



and then 

/-fc/6 
^(x) 2 d:E = 2- 7/2 6- 1/2 A;- 2 e- fc2/fe (l + o(l)), fc -> oo. (3.28) 
-oo 

In the same way, for the second integral we find that 

®{x) 2 dx = \ h -e k2/b k- 2 {l + o{l)) 1 k^oo. (3.29) 
J-k/b V 2 

Putting together <K77} . (13^81 . and (I3T29]) . we obtain (J3ZMD- □ 

Proposition 3.5. There exist K G R and C > ; snc/i t/iat 

||7fD l0 o-(0©7f D (fc))|| < C||7f Di00 A fc ||, fc>K (3.30) 

Proof. To begin with, let us write vtd(^) in a convenient form. If 7 is the identity 
operator in L 2 (M), then 

^D,oo = ^D,oo(0 © 7fr>(A;)) + TtD,oc{I - (O © M*0)) = 

13 



W> (O © vf D (£;))+ v^/i- 1 - £ D X - 

7T A oo(0 © f D (k)) - nn^AkiCh^k)- 1 - E^y 1 © {h(ky l - E^Y^I - (6 © n D (k))) 

7f^,oo(0 © 7fa(A;)) - ttjj.ocA* [(M*0 _1 - E^)- 1 © (MA;)- 1 - S^)' 1 ^ - 7r D (&)) 
where J + is the identity operator in L 2 (—k/b, oo). Similarly, 

-l 



© 7t D (k) = ^D,oo(0 © 7T D (k)) " - E D (k)- L (I - n D:OO )A k (0 © 7t D (k)) 



Hence, 



^D,oo - (0®Tt D (k)) 



-n Doo A k 



-i 



h-(k)~ 1 — Sp 1 ) © (h(ky 1 - Ep 1 ) (I+-n D (k)) 



-i 



+ 



/i^ 1 - E D (k) (I - 7f Di0O )A fe (O © 7t D (k)) 



- (h^ 1 - E D {k)- 1 ) (/ - ^ Di00 )A fc (^ Di00 - (Q © TX D {k)) - 



7^D,ooAa 



M*) — s d ) © h(k)- 1 - z- D l (i+ - TT D (k)) 



+ 



hJ-E D (k) 1 j (I - 7r Di0O )A fc 7r Di0O , 
which, combined with Proposition 13.41 implies that for k large enough we have 



1+ (h^-Enik)- 1 ) (/-7f D)00 )A 



^ A- ) X 

-i 



+ 



/ + (h^ 1 - Enik)- 1 ) (I - it D)0O )A k j (h^ 1 - Eoik)- 1 ) (I - ^,oo)A fe vf Di00 . 
Finally, since the operators 

Ch-(k)- 1 - SB 1 )' 1 , CHk)- 1 - £ D l y l {i + - n D (k)), fc 1 - E D {ky l y\i - Z Dtao ), 

are uniformly bounded with respect to k large enough, we obtain (I3.30p . □ 
Proposition 3.6. We have 

E D (k) - £ D = ££||7fD,ooAfc7fD,oo|| (1 + o(l)), k — > OO. (3.31) 
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Proof. By the definition of and the resolvent identity, 

(£ D X - E D (k)- v )^ D ^{0 © Tr D (k)) = 7f Aoo A fe (Q © n D (k)). (3.32) 
By Propositions 13.41 - 13.51 

\\TTD,oo(0®n D (k))\\ = l+o(l), ||^D,ooAfc(0©^ D (/c))|| = ||7f Ao oAfc7r Aoo ||(l+o(l)), k -> 00. 

(3.33) 

Inserting (I3T33D into (ET52I) . we obtain (133TD . □ 
Now we are in position to prove Theorem 13.31 By Propositions 13.51 and 13.61 we have 

{E D {k)-£ D y l ' 2 \\TT D>00 - (0©7f D (fc))|| < 

c JKooA4 (1 + o(1)) < cilAfell 1 / 2 ^ + o(l)), k -> oo. (3.34) 

Ik^ooAfc II 

Now, dSIMD and fl3T25|) imply f l3~T6|) and, hence, f l3TT4j) . 

(v) End o/ £/ie proof of Theorem \3.1\ By analogy with (I3.6p . define the operator 
/■© 

R Dj00 (\,A):=T* (E D (k)-S D + \)- l/2 Ti D)00 (k)dkF, A>0, AG [-00,00), 

J(A,oo) 

self-adjoint in L 2 (R 2 ). The remaining part of the proof of Theorem 13. II is based on the 
following two facts. First, for any A G [—00, 00), A G (A, 00), and r G (0, 00) we have 

n*(r; K 1/2 (^d(A, A) - R D (X, A)) = O r , A (l), (3.35) 

n*(r; K 1/2 (^Aoo(A, A) - i? Aoo (A, A)) = O r , A (l) (3.36) 
as A 4 0, since the compact operators 

K 1/2 (#d(A, A) - i? D (A, i)) and K 1/2 (^,oc(A, A) - R D ^(X, A)) 

admit norm limits as A j. 0. Secondly, we have 

||K 1/2 (^D,oo(A,i)-i? D (A;i))|| < 

||K||^ (R2) sup(E D (k) - £ D )- 1/2 \\(0 © n D (k)) - n D)0a \\, (3.37) 

k>A 

for any A > 0. By Theorem 13.31 and (I3.37p . we find that for each r > there exists 
A = A (r) such that A > A (r) implies 

||K 1/2 (^,oo(A,A)- J R D (A;i))|| <r, 
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for any A > 0, and, hence, 

n*(r;V, 1/2 (R D:00 (\,A)-R D (\;A)) = 0, A > 0. (3.38) 

Combining (13.71) with (13.351) . (I3.36p . and (13. 38 p . and applying the Ky Fan inequalities, 

we get 

n*(l + e; K 1/2 ^,oo(A; A)) + O m (1) < 
A/"z)(A) < 

n,(l-e;K 1/2 ^Aoo(A;A)) + £ , A (l), A | 0. (3.39) 

In order to see that (13.391) is equivalent to (13. 4p . it suffices to note that the operators 
V* -Rd,oo(A; A) and Sz)(A; A) have the same non zero singular values. 

3.2 Proof of Corollary 2.2 

Throughout the subsection we assume that V satisfies ( 12. 6ft . For 5 G (0, 1/2) introduce 
the intervals 

/_ = I_(<5) := (5, 1 - 5), /+ = I + (<5) := (0, 1 + 5). 
For m > define r^(m) : L 2 (I±) — >■ L 2 (f2_|-) as the operator with integral kernel 

7r- 1/2 me- bx2/2 e m(a;+i?/)fc fc 1/2 , fc G i±, (i,y)G(l±. 
Remark: Introduce the set 

B(n±) := {u G L 2 (n±) \uis analytic infi ± } (3.40) 

considered subspace of the Hilbert space L 2 (n±;e- bx dxdy). Note that as a func- 
tional set B{VL±) coincides with the Bergman space over Q,± (see e.g. (TO! Subsection 
3.1]). Then, up to unitary equivalence, the operators T s (m) map L 2 (I±) into £>(f)±). 

In the following proposition we reduce the analysis of the asymptotic behaviour of 
n*(r; S£)(A; A)) to the study of the spectral asymptotics of the operators Tf(m) as 
m — > oo. 

Proposition 3.7. Assume that V satisfies ( 12. 6p . Then we have 

n*(r; S D (X; A)) > n*(r(l + e)2cZ 1/2 v^M; ry(V&Mf)) + 0(1), (3.41) 

n*(r; 5 D (A; A)) < n*(r(l - £)2c + 1/2 ; r+( v^M)) + 0(1), (3.42) 

as A j. 0, /or a/l A > 0, e G (0,1), 5 G (0,1/2) and r > 0, the constants c± being 
introduced in (12. 6p . 
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In the proof of Proposition 13.71 we systematically use the following lemma which 
provides explicitly the first asymptotic term of Er>{k) — £d as k — > oo. 

Lemma 3.8. We have 

E D (k) -S D = -^ke' b ' lk \l + o(l)), k -> oo. (3.43) 



Proof. From f l3~2Tj) . f l3~22|) . and fl3TT5|) . we have 

||7T Di00 A fc 7r Di00 || = |(p fc ,^D,oo)| 2 = \ (pk,P)\ 2 = 

/—k/b poo 
ty(x)<p(x)dx + a]/ 2 / <d(x)ip(x)dx 
■oo J— k/b 



(3.44) 



Using (I3.3ip . and integrating by parts in (I3.44p . bearing in mind (13 .23 L we obtain 

jug). □ 

Otherwise, the proof of Proposition 13.71 repeats almost word by word the proof of [El 
Proposition 5.4] with j — 1 so that we omit the details. Yet, we would like to note here 
that the slight differences in the two proofs are due to the fact that the asymptotics 
in (13.431) is of order ke~ b k while the corresponding asymptotics which is used in [61 
Proposition 5.4] with j = 1 is of order k~ x e~ h k (see [61 Proposition 4.2] with j = 1 
and Xq — 0). This difference in the asymptotics explains in particular the extra factor 
y^b\ In A| in the argument of the counting function n* at the r.h.s. of (13.411) . In order 
to reduce the analysis in the present article to the analysis in [6], we use at the first 
stage of the proof of the upper bound (13.421) the estimate k~ Y < k for k e (A, oo) with 
A > 1, while at the last stage of the proof of the lower bound (13.411) we use the estimate 
kr l > k for k G (5, 1 - 5) with 5 e (0, 1/2). 

In order to complete the proof of Corollary 12.21 it suffices to prove the following 
Corollary 3.9. Under the assumptions of Corollary \2.S\ we have 



limlimsup \\n\\- 1/2 n + (r;Tj(^b\\n\\yrj(^b\\n\\)) < C+. (3.45) 

limliminf | In X\- l/2 n + (r^b\ In A|; T^v^l M)* r 7(V^ ln A D) > C - ( 3 - 46 ) 
Proof. The proof of (13.451) can be found in 0, Subsection 6.2]. 

Let us prove (13.461) modifying slightly the argument in [61 Subsection 6.1]. Let Q C M 2 
be a bounded domain, and X C (0, oo) be a bounded open non-empty interval. For 
m > define the operator Q m (Q,X) : L 2 (X) — > L 2 (X) as the operator with integral 
kernel 

n- x m 2 \[kk' [ e m{zk+2k,) dfx(z), k,k'el. 
Jn 
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Set e_ := inf(a; j2/ ) 6 n_ e bx . Then we have 

Tj(m)*Vj(m) > e_^ m (0_, !_(*)), m > 0. (3.47) 

Further, let II C fi_ be an open non-empty rectangle whose sides are parallel to the 
coordinate axes. Assume, without any loss of generality, that II = (a, (3) x (— L, L) with 
< a < (3 < oo and L G (0, oo). Evidently, 

S m (fi_, !_(*)) > m (II, !_(*)), m > 0. (3.48) 

For r] G R and 5 G (0, 1/2) define the operator G v>s (m) : L 2 (I_(5)) ->■ L 2 (/_(<5)) as the 
integral operator with kernel 



e „m(fc+fc') sin (mL(fc-fc')) 2Vfcfc ' 
7r (fc — A;') k + fc' 

Then 



7 , M'e /_(*). 



!_(*)) = G^m) - G a ,,(m). (3.49) 
By the mini-max principle, we have 

n + (rm; Gp t5 {m) - G a: s{m)) > n+(rme~ 2m/3<5 ; G 0l s{m) - G a -p iS {m)) (3.50) 

with < a < f3 < oo, mG (0,oo), r G (0, oo). Fix s G (0, oo) and find m such 
that rme~ 2ml3S < s/2 for m > m . Using the fact that the counting function n + (r; •), 
r G (0, oo), is decreasing, as well as the Weyl inequalities (13. ip . we get 

n + (rme- 2m/3<5 ; G , 5 (m) - G a - fi>s {m)) > n + (s/2; G 0t5 {m) - G a _ M (m)) > 

n+(s; G 0iS (m)) - n + (s/2; G a -p jS (m)). (3.51) 
Evidently, ||G a _ A5 (m)|| < \\G a -i3,8{m)\\ 2 , and 

2 

n 2 J J _ ( s)Ji- l S)" V ) (k + k') 

L 2 m 2 



r2 



^ a -^ m5 (l-2S) 2 , 



71- 

so that lim m _ s>00 \\G a -p t s(m) \\ = 0. Fix s G (0, oo) and find mi such that [|G f a _ J g jl y(m) || < 
s/2 for m > mi. Then 

n + (s/2; G a -p t s(rn)) = 0, m>mi. (3.52) 

Putting together (13T47D - (153211 . we find that for each 5 G (0,1/2), r G (0, oo), and 
s G (0, oo), we have 

n + (rm;Tj(m)*Tj(m)) > n+(sel 1 ; G ,a(^)), (3.53) 
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provided that m > max {mo, mi}. Further, let, as above, I C M+ be an open bounded 
interval. Define the operator g'i(m) : L 2 (I) — > L 2 (X\ m > 0, as the operator with 
integral kernel 

sin (mL(k - k')) 2\fkk' 



k k' (= T 

ix{k - k') k + k' 1 ' 

Note that 

G ,s(m) = gi_( S ){m). (3.54) 

By [61 Corollary 6.3] we have 

( L\X\ •£ s (0 1) 

lim m _1 ?2 + (s; gi(m)) = < 77 , (3.55) 

m-s>oo [ II S > 1. 

Now fix s < e_ in (I3.53p . take into account (13. 54ft . and put together (I3.53H and H3 .551) : 
thus we find that the asymptotic estimate 

liminf |lnA|- 1/ V(^V / ^^;r7( v /^ln^)T7( v /^hi^)) > —(1-25) 

holds for every 5 G (0, 1/2). Letting 6 \. 0, and optimizing with respect to L, we obtain 
(E26]). □ 

Remark. Since 

n + (rm; Tj(m)*Tj(m)) < n*(r; Tj(m)*rj(m)) 

for r > and m > 1, our proof of (13.461) also provides a slightly modified proof of the 
lower bound p| Eq. (6.3)]. This modification does not use the first inequality in [HI Eq. 
(6.10)] in whose proof we found a gap; we thank Dr Marcus Carlsson for drawing our 
attention to the problem with that inequality. 

4 Proof of the main result for Neumann 
Hamiltonians 

In this section we prove Theorem 12.31 Assume that < V G L™(0). Then, similarly 
to (13.81) . the Birman - Schwinger principle implies 

Afo(A) = n+(l; V l ' 2 (H , N - £ N + X^V 1 / 2 ), A > 0. (4.1) 

Fix 5 G (0, oo), and define the orthogonal projection Pn(5) : L 2 {0) — > L 2 (0) by 



P N (S) :=F* n N (k)dkF, 

'(fe*-5,fe*+<5) 
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where n^{k) := \^n(-] k))(ipN( 4 ] k)\, the function ^)jv(s^) being defined at the end of 
Subsection 12. 1[ and is the point where En attains its minimum £n- Then by analogy 
with (13. 9p . the estimates 

n+(l; ^ 1/2 (ifo,7v - 5jv + A)"^^^ 2 ) < n+(l; K 1 / 2 ^ - E N + A)~V 1/2 ) < 

n+(l-e; \/ 1 / 2 (^-^ + A)- 1 P w (5)V rl / 2 )+n + (e; ^ 1 / 2 ( J ff 0j Ar-fiV+A)- 1 (/-Piv(5))y 1 / 2 ) 

(4.2) 

hold true for any A > and e G (0, 1). Next, similarly to (I3.10p . we have 

n + (e; V x '\H QtN -8 N + X)-\I - P N (5))V 1 ' 2 ) = O m (1), A | 0. (4.3) 
Define 1Zn(X; 5) : L 2 (—5, 5) — > L 2 (0) as the operator with integral kernel 

(2n)- l / 2 V(x,y) 1/2 e iky ^ N (x;h + k)(E N (h + k)-£ N + \)- 1/2 , he (-5,5), (x,y)eO. 

It is easy to see that V 1/2 (H 0tN - £ N + A)" 1 P N (5)V 1/2 and Tl N (X; 5)*TZ N (X; 5) have the 
same non zero eigenvalues. Therefore, for each r > and A > we have 

n + (r 2 ; V l ^ 2 (H 0iN - £ N + A)" 1 ^^ 1 / 2 ) = n*(r; 7^(A; 5)). (4.4) 

Next, define Rn(X; 5) : L 2 (— <5, 5) — > L 2 {0) as the operator with integral kernel 

[2tx)- 1 ' 2 V{x, y) l l 2 e lky ^ N {x- K)(pk 2 + \)~ 1 ' 2 , k G (-5, 5), (x, y) G O, 

the number \i being introduced in (12. 9D . Applying the Ky Fan inequalities, we get 

n*(r(l + e); R N (X; 5)) - n*(re; TZ N (X; 5) - R N (X; 5)) < 

ra„(r;7^jv(A;5)) < 

n*(r(l - e); itW(A; 5)) + n*(rs;1l N (X; 5) - R N (X; 5)), A | 0, (4.5) 
for any r > 0, A > 0, e G (0, 1). Our next goal is to show that 

n*(r;K N (X;5)-R N (X;5)) = O r>s (l), A | 0. (4.6) 

To this end, fix p G (0, oo), set 

B p :={(x,y)eO\x 2 + y 2 <p 2 }, 

U hp := t Bp V l/ \ U %p := t^\B p V 1/2 , 

and write 

K N (X; 5) - R N (X; 5) = {U 1>p + U 2 , p ) [T x + T 2 ) 
where T± = Ti(A; 5) : L 2 (—5, 5) — » L 2 ((9) is the operator with integral kernel 

(2n)- 1/2 e iky ^ N (x; K + k) ((E N (h* + k) - S N + A)~ 1/2 - {pk 2 + A)~ 1/2 ) , 
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and T 2 = T 2 (A; 5) : L 2 (—5, 6) — > L 2 (0) is the operator with integral kernel 

(2n)- 1 / 2 e iky (ip N (x; K + k) - ^ N (x; K)) (pk 2 + A)- 1/2 , 
with k G (—5, 5), and (x, y) G O. It is not difficult to see that for any A > we have 



S f 

\\Ui, p Tj(\;6)\\l< - sup U ltP {x,yfdy sup Q^k) 2 , j = l,2, 

x€R + Jr ke(-S,S) 



(4.7) 



where 



|| tVZ} (A; < \\U 2 J Lao{0) sup IQ^AOI, j = 1,2, (4. 

fce(-<5,<5) 



„ , n E N (K + k) - £ N - pk 



77i|A;| v / J E; i v(A;, + A;) - ^ (yW + V^M^ + fc ) " £ 

Q 2 {k) 2 := p~ l (^tE( x -k, + k)j dx. 
Now the Ky Fan inequalities imply 

n*(r; 7^(A; 5) - i^(A; 5)) < ^ n*(r/2; [/^(H + T 2 )). (4.9) 

Since V G Lg°(C), we can choose, using (14. 8p . the number p = p(r) so large that 
\\U 2 , P {Ti + T 2 )\\ < r/2, and hence 

n*(r/2;U 2tP (T 1 + T 2 )) = 0. (4.10) 

On the other hand, by (14.71) and (13. 3p with p = 2 we have 

n*(r/2; C/ lj(0 (T! + T 2 )) < 4r- 2 ||f/ 1 , p (T 1 + T 2 )|| 2 = 0(1), A | 0. (4.11) 

Putting together fl4~HD - (HUH), we obtain (T4i))) . 

Further, let iStv(A; 5) : L 2 (R) — > L 2 (IR) be the operator with integral kernel 

{2-K)- l / 2 v{y) 1 ' 2 e lky {pk 2 + A)- 1 / 2 1 ( _ 5 , 5) (A;), feel, y G E, 

the potential t> being defined in (12. 8p . It is easy to see that the operators .R/v(A; 5) and 
<Siv(A; 5) have the same non zero singular values, and hence 

n*(r;R N (\;5)) = n*(r;S N (\;5)), A > 0, r > 0. (4.12) 

Finally, let Sn(\) : L 2 (E) — > L 2 (R) be the operator with integral kernel 

(27r)- 1/2 v(y) 1/2 e lky (pk 2 + A)~ 1/2 , feel, y G E. 
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By the Ky Fan inequalities, 



n*(r(l + e); S N (X)) - n*{re; S N (X; 5) - S N (X)) < 
n*(r;S N (X;6)) < 

n*(r(l-e);S N (X))+n*(re;S N (X;5)-S N (X)), A 1 0, (4.13) 
for any r > 0, A > 0, e G (0, 1). Arguing as in the derivation of (14.61) . we easily obtain 

7i*(r; S N (X; 6) - S N (X)) = 0^(1), A | 0. (4.14) 

By the Birman - Schwinger principle, 

n*(r; S N (X)) = Tr ("^ " r "^) ■ ( 4 - 15 ) 

Combining (JHD - (jUJ) with fT4~T2|) - ( |4~T5|) . we obtain (jZHj) . 
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